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Abstract 

In this article we present a study of the subspaces of the manifold 
OscM, the total space of the osculator bundle of a real manifold M. We 
obtain the induced connections of the canonical metrical N-linear con- 
nection determined by the homogeneous prolongation of a Finsler metric 
to the manifold OscM. We present the relation between the induced and 
intrinsic geometric objects of the associated osculator submanifold. 
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Introduction 

The Sasaki TV-prolongation G to the osculator bundle without the null sec- 
tion OscM — OscM\ {0} of a Finslerian metric g a b on the manifold M given 

by 

G = g ab (x, y) dx a <g) dx b + g ab (x, y) Sy a <g) 5y h 

is a Riemannian structure on OscM , which depends only on the metric g a b- 
The tensor G is not invariant with respect to the homothetis on the fibres 

of OscM , because G is not homogeneous with respect to the variable y a . 

In this paper, we use a new kind of prolongation G to OscM, [3], which 

depends only on the metric g ab . Thus, G determines on the manifold OscM a 
Riemannian structure which is 0-homogeneous on the fibres of OscM. 

Some geometrical properties of G are studied: the canonical metrical N- 
linear connection, the induced linear connections etc. 
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1 Preliminaries 



Let us consider F n = (M, F) a Finsler space ([12]), and F : TM = OscM -)• K 
the fundamental function. F is a C°° function on the manifold OscM and 
it is continuous on the null section of the projection ir : OscM —> M. The 
fundamental tensor on F n is 

1 d 2 F 2 

9-b^,y) = ^Q^QyE, V(x,i/) eOscM. 

d 

The lagrangian F 2 (x,y) determines the canonical spray S — y a ~Q— a ~ ~ 

Q 1 

2G a j— with the coefficients G a — -z r )i c {x,y)y h y c , where ^ c (x,y) are the 
oy A 

Christoffcls symbols of the metric tensor g a b (x, y) . The Cartan nonlinear con- 
nection N of the space F n has the coefficients 

»■> - w- (L1) 

TV determines a distribution on the manifold OscM, ([12], [II]), which is supple- 
mentary to the vertical distribution V. We have the next decomposition 

T w OscAl = N w ®V w ,Vw = {x, y) £ OscM. (1.2) 

The adapted basis of this decomposition is | — — -\ , (a = 1, ..,n) and 
its dual basis is (dx a ,Sy a ) , where 



5 - 9 N b 5 
8x a dx a a 5y b ' 

d d 
dy a dy a 
and 

dx a = dx a , 



(1.3) 



5y a = dy a + N a b dx b . i 1 - 1 - 7 ) 
We use the next notations: 

Sa = — d la = — 

a 8x a ' a dy a 

The fundamental tensor g a t determines on the manifold OscM the homoge- 
o 

neous N-lift G.JlO], 

G = g ab (x, y) dx a ® dx b + h ab (x, y) Sy a ® <5y 6 , (1.4) 
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where 



Kb {x,y) 



lab (x, y) , 



(1.1.9) 



\\y\\=9ab(x,y)y a y b . 

This is homogeneous with respect to y, and p is a positive constant required 
by applications in order that the physical dimensions of the terms of G be the 
same. 

Let M be a real, m-dimensional manifold, immersed in M through the im- 
mersion i : M — > M. Localy, i can be given in the form 



x a = x a (u\...,u m ) , 



rank 



dx a 



du c 



= rn. 



The indices a, b, c,....run over the set {1, n} and a, (3, 7, ... run on the set 
{1, m} . We assume 1 < m < n. We take the immersed submanifold OscM of 
the manifold OscM, by the immersion Osci : OscM — > OscM. The parametric 
equations of the submanifold OscM are 



x a = x a (u 1 , u m ) , rang 
„ dx a „ 



dx a 



du a 



m 



(1.5) 



y" 



du° 



The restriction of the fundamental function F to the submanifold OscM is 



F(u,v) = F(x(u),y(u,v)) 

and we call F m = (M, F^j the induced Finsler subspaces of F n and F the 

induced fundamental function. 

dx a 

Let B®(u) = Tj—^ and g a p the induced fundamental tensor, 

g a(j (u, v) = g ab (x (u) , y (u, v)) B*B b p . (1.6) 

We obtain a system of d- vectors {_B° , B% } wich determines a moving frame 
72. = {(u, v) ; i?° (u) , B% (u, v)} in OscM along to the submanifold OscM. 

Its dual frame will be denoted by 1Z*= {B% (u, v) , B% (u, v)} . This is also 
defined on an open set n^ 1 (£/) C OscM, U being a domain of a local chart on 
the submanifold M. 

The conditions of duality are given by: 

BlB<* a =5<$, B%b:=0, B«B| = 0, i?fS| = 5| 
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The restriction of the of the nonlinear connection N to OscM uniquely de- 
termines an induced nonlinear connection N on OscM 



N a p = B^B^+N\B°). (1.7) 

The cobasis [dx t ,5y a ) restricted to OscM is uniquely represented in the 
moving frame 1Z in the following form: 




B^K^du 



(1.8) 



K% = B a B a nR + MiB% ),BS R = B a nR v a . 



where 

% = D a TMb D P J ) °0l3 = ° a p 

A linear connection D on the manifold OscM is called metrical N-linear 
connection with respect to G, if DG =0 and D preserves by parallelism the 
distributions N and V. The coefficients of the N-linear connections DT (N) will 

be denoted with ( L a bc , L a bc , C a bc , C a bc 

\(Q0) bC (10) &C (01) 6C (11) &C 

Theorem l.l(|10j) There exist metrical N-linear connections DT (TV) on OscM , 
with respect to the homogeneous prolongation G, wich depend only on the metric 
9ab {x, y) . One of these connections has 
the "horizontal" coefficients 

H i 

L be = 2 9<ld ^ b9dc + 5c9bd ~ Sd9b °) 
v i 

L be = o^ ad i 8 bhdc + SMd - S d hbc) 

(io) 2 



(1.9) 



(1.10) 



V 

C 

(ii)" 

It is called the Cartan metrical N-linear connection. This linear connection 



and the "vertical" coefficients: 

H 1 / - 

C i c = -^9 [db9dc + d c g b d - d d g b 

Clc = \h ad (dbhdc + d c h bd - d d hbc) 

an metrical N 

will be used throughout this paper. 

h v 

For this N-linear connection, we have the operators D and D which are given 
by the following relations 

DX a = dX a + S^X* 3 

\/XeT(OscM). (1.11) 

v v , v ' 

DX a = dX a + uj^X b 
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We call these operators the horizontal and vertical covariant differentials. 
The 1-forms which define these operators will be called the horizontal and 
vertical 1-form, where 

" a b =L a bc dx c + C a bc 5y c 

" (oor c (oi) 6c 

(1-12) 

We have 

Theorem 1.2 The d-tensors of torsion of the Cartan metrical N -linear connec- 
tion D have the next expresions: 

H H H V 

rp a t a r a rp a na 

(oo) 6c ~ (oo) bc (oo) cb ' (oi) bc ~ bc ' 

H H V V 

P a bc = pa bc = B ic - L cb (1-13) 

(10) (oi) 6c (ii) 6c (iif c (iof 



V V V 

q a r~i a f a 

° br — ° br ^ rh' 
(llf C (11)° C (11) C ° 

Theorem 1.3 The Cartan metrical N-linear connection D has, in the adapted 

bases |<5 a ,9i a j, the following d-tensors of curvature 
"horizontals " 

H h h h h H f H 

Rb a cd = S d L o * bc - S c L^ d + { L )bc L Q) a fd - { L )bd L 0) a fc + 

+ C a bf R f cd , 
(oi) OJ ca 

H H H H H j 

P b° cd — 9\d Li — C ?ji n + C if P j, 
(10) (00) (01) M|Uc (01) J (ll) 

H H H H f H H f H 

{ s^ cd = d ld cj c - d lc cj d + c^cjt - ( c )bd{ c« fc , 

(1.14) 
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and the "verticals" 



v 

-ft b cd 
(01) 



V 

(io) 6c 



(io) M 



+ 



L f L a 
(io) bc (io) /d 



V V 

T I T a i 
^ hd fr ' 

(io) oa (io) J 



a / 
+ C.bf R cd' 



(11) 



P,b a cd 
(11) 



V 

a 

^ 11 j6d|lc 



+ 



/-< a p J 
(ll) fc/ (Il) cd ' 



V 

S b a cd 
(11) 



did c i 
(11) 



v 

die C bd 



V V 

C C a 
(ii) 6c (ii/ d 



V , V 
/~< I r< a 

^ hd ^ f" - 
(ll)° a (ll) J 



(1.15) 



2 The relative covariant derivatives 

Let DT (N), the Cartan metrical N-linear connection of the manifold OscM. A 
classical method to determine the laws of derivation on a Finsler submanifold 
is the type of the coupling. 

Theorem 2.1 The coupling of the N-linear connection D to the induced nonli- 
near connection N along OscM is locally given by the set of coefficients DT (iV) = 
/ h v h v \ 

\ Lis, L 66> & bs, C bS > w/lere 
\ (oo) M (io) M (oif a (iif a / 



H 

f a 

( oo) M 


H 
T a 

~ ( oo) M 4 


H 

+ c 

(01) 


V 

f a 


V 

- (1 ^ )M ^ 4 


V 

+ C 
(ii) 


H 

/' a 
(01) M 


" (oi) bd ^ 




V 

/S a 

(ii) M 


- ^bd^S 





bd^S n S 



a pd jy-S 
bd^S^S 



(2.1) 



Definition 2.2 We call the induced tangent connection on OscM by the 

H V 

metrical N-linear connection D, the couple of the operators D T , D T which are 
defined by 



H H 

D T X a = B^DX b , 



v v 
D T X a = B£DX b , 



for X a = B^X't 
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where 



D T X a = dX a + X^° 



D T X a = dX a + X^ 



and cdp, cap are called the tangent connection 1- forms. 

We have 

Theorem 2.3 The tangent connections 1-forms are as follows: 



H 



H H 



lu%= L a 0S du s + C % s 5v s 
(oof d (Olf 



L %du 5 + C %5v s , 
(lof (llf 



(2.2) 



where 



H 



H 



(2.3) 



{ L^ = B2\Bj 5 + BlL Q) %y 

L% X = B%( Bi x + B f R L d f A , 
(iof 5 ^ fl< (lO) f5 J ' 

H H 
(~t a _ TDa r>f d 

(01)^-^^(01)^' 

V , v 

r~i a _ not r>J (~i d 

(V 5 d w*' 

Definition 2.4 We call the induced normal connection on OscM by the 

H V 

metrical N-linear connection D, the couple of the operators D- 1 , D 1 which are 
defined by 

H H 



D ± X a = B£DX b 



D ± X a = B%DX b , 



for X a = B%X 
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where 



H - -H- 

D ± X a = dX a + XPuj% 



V - -V- 

D ± X a = dX a + XPw% 



H— V— 

oj^, w% are called the normal connection 1-forms. 
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We have 

Theorem 2.5 The normal connections 1-forms are as follows: 



V- 



L"du s + C% x 5v s 
(00)P S (oi)i 35 



(2.4) 



I 3 (W)! 35 (ll)/ 3 " 5 



where 



H 



_(5B± h ^ 

T Oi TDQL [ P _i_ TDJ T d 

( oV* " * d I Su* %o)^ 



V 



'SB. 



d 



T a — f>a I £ , rtf f d 

(iV 4 " d l %o) /4 



(2.5) 



v 



_(dB* V N 



if V 

Now, we can define the relative (or mixed) covariant derivatives V and V . 

Theorem 2.6 The relative covariant (mixed) derivatives in the algebra of mixed 

h v 

d-tensor fields are the operators V, V for which the following properties hold: 

v/ = 4f, /- \ 

V/eJI OscM J 

v/ = 4f, 

H H H H H H 

VX a = DX a , VX a = D^X a , VX a = U 1 !", 

v V V V v H 

VX a = DX a , VX a = DTX a , VX» = D^X~. 

H V H v H _ v _ H V 

ti%,£bl,Up,ujp,u)j, ujj are called the connection 1-forms of V, V. 
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3 A comparison between the induced and in- 
trinsic geometrical objects 

It is known that, in the case of Finsler or pseudo-Finsler spaces (|BJ, [5], [H], [IS], 

[13] . |16j). the intrinsic nonlinear connection of the submanifold is 

different from the induced nonlinear connection by the nonlinear connection 

on the manifold. Moreover, the induced Finsler connection is different from the 

the induced Finsler connection. 

In this section, we present a comparison between the induced and intrinsic 

geometric objects on the submanifold OscM with respect to the Cartan metrical 

o 

N- linear connection determinated by the homogeneous lift G ()1 .4|) . 

Let G, the homogeneous lift to the submanifold OscM of the induced fun- 
damental tensor (|1.6I) . 



G = g a p (it, v) du a ® duP + h a p (u, v) 5v a ® 5v p , ( 3 ' 1 ) 

where 

o 

h a0 (u, v) = —-^gafs (u, v) 

IMI 

IMI 2 = g a {iv a vP 

and N, the intrinsic Cartan nonlinear connection 

dG a 



N a 



where G a = ( M , v ) v^v 1 and 7^ 7 (u, v) are the Christoffel symbols of g a p. 



Let DT (n) = L 2„, L % , C C 1L | the intrinsic Cartan metrical 



iV-linear connection of the submanifold OscM with 
the "horizontal" coehcients 

? 1 

(oof'' = 2 5Q<5 ^ ,35 ' 57 + Sl9pS ' 



1 



(3.2) 



(10) z 



and the " vertical" coehcients 
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v ^ 

C 2 7 = -h aS (diph Sl + di-fhps - d is hp~^ . 



(3.3) 



Proposition 3.1 The Lie brakets of the vector fields of the adapted basis j<5 Q , <9i Q j 
are given by: 



where 



di a ,dip =0 



Kb = 5 a N* f3 -SpN° c 



(3.4) 



B 
(ii) 



d w N° a . 



For any d-vector field X e X(OscM) expressed in the adapted basis j<5 a , <9i a j 
we have 

o s i a (——\ 

X = X a — + X a — ,X e X [OscM) . 

Sx a dy a V / 

We consider h and v, the horizontal and the vertical projectors associated to 
the nonlinear connection N. Denote by 



X H = hX = X a 



o S 



Sx a 



X v = vX = X a 



I, d 



dy a ' 



For any d-vector field X e X(OscM) expressed in the adapted basis j<5 Q , <9i Q j 
we have 

1 5 Id - (-~-^\ 
X = X a -„ — + X a — — , MX G X I OscM 



and consider h and v, the horizontal and the vertical projectors associated to 
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the intrinsic nonlinear connection N. Denote by 

° 6 
X H = hX = X a - — 

5u a - / - \ 
VX e X [ OscM . 

X v = vX = X a ^- 
dv a 

Proposition 3.2 Let N , the intrinsic Cartan nonlinear connection and N , the 

induced nonlinear connection on the submanifold OscM by the Cartan nonlinear 
connection N. Then the following relations hold: 

1° The coefficients of the nonlinear connections N and N are related by (JSf) 

N a p = N a p + D a p . 

2° There exist the following relations between the components of the adapted 
bases of N and N 

dla — d\ a . 

3° There exist the following relations between the coefficients of the Lie brakets 
of the adapted bases of N and N: 



pa nfl i ™ 



where 



i 

Da d a _i_ r)a 

( 5)^7- ( ^7 + ^7' 



D a p = g^pK^ ( 3. 5) 



D% = 5~ t D a p - 5 [3 D a 1 + D 5 d ls (N% + D a - t ) - D\6 1S (N a „ + D a p) (3.6) 



= d l7 D a p. (3.7) 

Proposition 3.3 The local coefficients of the intrinsic Cartan metrical N- 
linear connection DT ($j an d °f the induced tangent connection of the Cartan 
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metrical N -linear connection DT (N) are related by: 



H 



H H 



(oof s (oof s + (00)^ 



H 



H 



r-i a _ /-i a 
(01)" 4 " (01)"" 



where 



H 
A 

(00) 



PS 



V 

A a 



and 



A a 

(10)^ 



-2 9 



~2h 9 



r< a _ f-i a 
(11)^ " (11)^' 



D e p5 le gs 1 + D e 1 8i e g S fj - D £ s5i e gp~ / 
B\K% (b lb h) 9fis - B\K\ (d lh h) g aS 

D £ a di £ gi3s - D e pdi E g<j& - D e sdi e g/3 



a 5 



H q aa 

2h y 



1 'dwBA Ib^ + b-n\)-^b-b^ 



-\g af B^B* (d ld g b f) K\ - \g a& BlB« s g aP 



g ad g^[d^Bl [B° s + B d s N a d 



D%d ls gp S + D° s g a 



(3.8) 



(3.9) 



From the proposition 3.3 we get that D, the intrinsic Cartan metrical 
N- linear connection is not identical with D T , the induced tangent connection of 



12 



the Cartan metrical N-linear connection Dr (N) . From this fact, [5], there exist 
D, the deformation tensor of the pair (D,D T ). For X, Y G X (oscAl) we 



get 



n _ . v H — D T Y H 



n - • y h — n T 

U xH X - U x i 

D x hY P = D T xil YV + D [x", Y^ 

T 

If we express D in the adapted bases of TV, we get: 

T / J a \ T. 5 T. Q 
n _ TlHa i f)Va 

\ 8ui ' dvP ) io ^ 7 ,5 u q 10 

We have the next 

T 

Proposition 3.4 The components of the deformation tensor D are given by the 
formula: 

t . H H 

oo Pi - ( oV 7 



(OO)' 37 (OO)* 37 



r)Ha 
10 Pi 



T . V H 

riVa _ A a I r)t/> Q 

to ^ " (hV 7 >lA' 
h v 

where A 2 , A 2„ are owen ow fXSL). 
(oor 7 (ior 7 



Proposition 3.5 77ie torsion tensors of the N-linear connections Dr O^j ■ 
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D T r (jVj are related by: 



f(x A ,Y A } = T (it" ,Y") + D (X 6 ,Y") -d(y A ,X A ^ 

f(x A ,Y^ = T [x A ,Y^ +D [x A ,Y^ 

f(x^,Y^ = f(jf^,y^ ,VX,Y ex (oscMj . 

Proposition 3.6 The torsion d-tensors of the induced tangent connection of 
the Cartan metrical N -linear connection DT (iV) and of the intrinsic Cartan 



metrical N -linear connection DT i 


^iV^ are related by: 




H . H 


X v 


1 




(oV 7 " (oV 7 " U ' 


rj~> a . ^ a 






H . H 






V 


pa pa 

(V 7 (V 7 ' 


pa pa 

(V 7 " (V 7 " 


01 P7 


A a 


V 








aV 7 " ( iV " ' 








1 1 V 









where D^,D^, A ^ are given by IStf) . (Tty and lOU . 



a 1 

Proposition 3.7 The curvature 2-forms R and R of the linear connections 
DT (N^ and D T T (N) are related by: 

I<(X !I .)")/." = r(x A ,Y A )z A + 

+ (d^hd\ (y a ,z a ) (d^ 6 d^ (x a ,z a ) 
+b (y a , d (x a , Z A ^j-D (x A , D> (y a , z k ) ^ 

+D (d^Y A , Z A ) D (Dy A X A , Z A ) , 
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r(x*,Y^ZV - R(x A ,Y A ^jZ^+ 

+D (p^Y", Z^ - D (DynX", Z^ , 

/.»(.v r . v") x." = r(x*,y a ")z a + 

+ (d^d) (y*, z») + 1 (d^y", z A ) , 

i,'(.\ v .y") z v = 5(jir*y*)z*+ 

+ (d^d) (y»,zv) +d(d^y&,z*) , 

/,'(.Y r .V r ) z" = r(x*,y*)z a , 

r(xV,Y V ^zV = r(x^,Y V ^ Z V ,VX,Y,Z e X (^OscM^j . 

Proposition 3.8 The curvature d-tensors of the induced tangent connection of 
the Cartan metrical N -linear connection DT (N) and of the intrinsic Cartan 

metrical N -linear connection DT I TV ) of the submanifold OscM are related by: 









V 


V 




H 

(Wf 


H 

(lOf 


+ h"* 




= 




Vi 
(U) 


v % 

(1») 


(i = 0,l;V = H), 








where 
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A p a lS = 5 5 A 2 - (LA g S - D e s d u LI- D^Ae A 2_, 

(00y (00) P7 '(00) P (00) P7 (00) P7 

(00) P (00) P 
H H H H H H H H 

+ (oVw* (00)^(00)^ ~ (oVw 7 ~ (oVw 7 

H 1 

V V V 1 / V \ 1 / V 

A ^» 7i = D%d u L%- D £ s du L % + -S g [ A? --«J A 
(oi) i (io) pd i (io) P7 2 \( 10 ) / 2 \( 10 ) 



(3.10) 



+lp%d le ( A<s s )-lr> e s d u ( as. 



2Y 7 " l£ V(Io)^V 2i 5U \(W~< 
I v v i v v i v v i v v 

_ j e A a j e Aa j A £ fa As t a 

2(io) /37 (io) e ' 5 2(io)^(io) e7 2(io)^(io) ei 2(ioAio) e7 

\ f V V V V \ V V 

+ 4 { ( wf s ( wf~< " $r$)^J + (il)^) 7 *' 



V H H H H H 1 . H 

(10) ' (oo) e7 (oi) pd (00) P7 (01) £<) (01) Pe 01 7fl (00) p7 

H 

' (oir a 

v l./ v '\l/ v ' v ' v v 



(3.11) 
(3.12) 



(nf %5 - 2 dlS I A? 7 J _ 2 U> ?7 (£)^ " (?if s 



(3.13) 



V / V V 



H V 

where A 5L, are given fry 13. #1) . 

(oo) P7 (ior 7 
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